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ABSTRACT

It is shown that, for a certain subclass of istropic convex sets in R™, the
mass concentrates in a spherical shell, asymptotically for large n. This
in turn shows that the inequality

2
1
1§/|z|2d:c /——dz
|=]
K K

is close to an equality for the mentioned class of isotropic convex sets,
asymptotically for large n. It also implies a ‘central limit property’ for
this class.

Introduction
By a normed convex body K in R™ we will understand a convex compact set
of volume 1 whose center of inertia is at 0. The normed convex body is isotropic
if its ellipsoid of inertia is a Euclidean ball. The set of all isotropic normed convex
bodies in R™ will be denoted by K,,.

For K € K,,, 4 € S;,—1 (unit sphere in R™) we define

eru(t) =Ina({ze Kz -u=t}) (teR).
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In [5] it was shown that for several examples ¢k, is close to a Gaussian density
for large n and certain directions u. As one of the few general results we noted
that, for

¢k (0) = /S Px,u(0)dpn—1(u)

(tn—1 the normed surface measure on S,_;), one obtains

(0.1) liminf inf £X©
n—00 K€Kn gr2 (0)

21

where g7z is the Gaussian density corresponding to K (cf. [5; Prop. 1.3]). The
source for this result is the inequality

(0.2) 1< /K|a:|2dx (/K l—i—ldm)2

(Holder’s inequality). It is one of the aims of this note to show that, for a
certain subclass of K,, the inequality (0.2) is close to an equality, for large n.
This implies that for this subclass the converse inequality in (0.1) (formulated
suitably) is valid.

For K € K,, we denote by Ly the radius of the ball of inertia of K,

L2 ::/(m-u)2dx,
K

independently of u € S,_; (following the notation of {6]). The source of the
result formulated above is the observation that, for the subclass of ,, mentioned
above, the mass of K is concentrated in a neighbourhood of a sphere with radius
vnLg, for n = .

The method to obtain these results is to prove certain estimates ((1.2) and
(1.3) in Section 1) for the second and fourth moments of the sets in our class.
The class satisfying these estimates contains the normed Euclidean balls, cubes,
cross polytopes, and regular simplices.

It seems worthwhile mentioning a connection between the phenomenon
described here and the well-studied concentration of measure property; cf. [7],
[8]. 1t is known that one has an ‘inverse Holder inequality’

([ 1atas)" <e( [ otas)”

with some constant ¢ independent of K € K, and n € N; cf. [6; Sec. 1.4], [3],
[1]. We show for our subclass that ¢ can be chosen close to 1 for large n.
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In Section 1 we show that a suitable estimate on the fourth moment gives
control of the concentration of mass described above, and we establish the con-
nection to the asymptotic equality in (0.2). Moreover, we recall and explain that
our results imply certain ‘central limit properties’.

In the remaining sections we show that the class satisfying (1.2), (1.3) has
certain saturation properties. In Section 2 we show that forming cones does not
lead out of the class. In Sections 3 and 4 it is shown that the class is also stable
under forming cartesian products and ‘joins’, respectively.

In Section 6 we indicate some explicit expressions for cubes and cross polytopes.

We note that a large part of the paper is purely calculational. We have tried
to always indicate major steps, so the reader should have sufficiently many hints
to carry out the additional computations.

The author acknowledges useful conversations with U. Brehm and H. Vogt on
the topics of this paper. In particular, U. Brehm initiated and contributed some
of the computations of Sections 3 and 4.

1. Preliminaries

In this section we show how the asymptotic equality in (0.2) follows from a
concentration of mass phenomenon, and how this latter property can be derived
from estimates of moments.

1.1 PropoSITION: Let T C |J, oy Kn, and assume
(i) supger Lx < 00,
(i) suPgkex,n7 An ({7 € K; ||2[2 —nLk| 2 enlk}) — 0 (n = o0), for all
€>0.
Then

2
1
sup / |x12d:1: (/ ——d:c) —1 (n— o).
KeK,.NTJK K |7

1.2 Remarks: (a) In [6; Sec. 5], the validity of assumption (i) for 7 = (J,cn Kn
is stated as ‘probably a generally accepted hypothesis’, and several equivalent
formulations are discussed.
~ (b) U. Brehm [4] communicated that, under the assumptions of Proposition 1.1,
one can show that the averaged px (cf. [5; Sec. 1}) is close to the corresponding
Gaussian density, for K € T and large n.

(c) Combining the hypotheses of Proposition 1.1 with a result of von
Weizsicker [9] one obtains the following conclusion.

Let x be a metric which induces convergence in law on the set of probability
measures on R, and assume that 7 has the properties assumed in Proposition 1.1.
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Let € > 0. Then

sup  pin—1{{tt € Sp_1; fc(goK,u)\l,gL%)q) >e}) —0 (n —» 00),
KeK.nT

where )\; is the 1-dimensional Lebesgue measure on R, and

_ 1 —£2/202
Go2 (t) = \/2_';0'_26 .

This statement follows from [9; Corollary 1]; note that condition (ii) of Propo-
sition 1.1 implies that ‘{ N(|z|?/n)P'(dz)’ (cf. [9]) = [x g2/ndx A1 is close to
gr2 M\ for large n.

The statement given above is a ‘central limit property’ of the set T; cf. [5;
Definition 1.1].

On the one hand, this statement is stronger than the fact stated in (b) since it
gives a conclusion for the individual marginal measures; on the other hand, the
approximation of the measures is obtained only in a weaker sense.

Before starting the proof of Proposition 1.1 we recall Stirling’s formula: For
z > 0 one has

() verz <@+ 1) < () vamzet@zz,

where 0 < ¥(z) < 1. We refer to [5; end of Sec. 1} for precise references.
Proof of Proposition 1.1: Let 0 < e < 1. Choose 0 < ¢ < 1/v2we. Then

\/ﬁlz*_ifdac:\/ﬁk/l—i—ldw + \/—/‘ ldac + \/_/k 1dm
el <oV DLy e SO - DN

The first term is estimated from above by

1 n /2
dp = n—-1_n/2
vn / 2 T n—iTm2z+n° "
[z]<ev/n
n/f2
< n :;2/ P 1lpn/2
" (3)"
== (\/27rec)n ! —0
-1 e/

The second term is estimated by

\/. / dx<— sup A ({z € K; ||o® —nL%| > enlk}) —

C KeK.NT
IIIS\/(I-s)nLK
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The third term is estimated by

1
v .

V(1 —-enlg - V1—¢Lyg’

As a consequence we obtain

limsup sup / |z|?dz (\/_/ >
n—oo KeK,nT T | |
(Note that it is at this point that we use assumption (i); observe [y |z|*dz =
nL%.) Since this holds for all 0 < & < 1 one obtains the assertion. |

In order to derive assumption (ii) of Proposition 1.1 from estimates on mo-
ments, we use Chebychev’s inequality. For isotropic convex bodies K in R™ (not
necessarily normed to volume 1) we define

Mon(K) = Mn(K),
Man(K) = [ lafds

K

Myn(K) = [ |z|*dz.
/

Then, for K € K,,, one has
M ({z € K ||z)? — nLk| > enlik })

(1.1) = W (/ |z|*dz — 2nL% / |z|2dz + n?L} )

1
= m (M4,fn_(K) - nzL‘}()

_ l M4,n(K) 1

T g2 \ My, (K)? '
If K is isotropic convex, not necessarily normed to volume one, then
My n(K)/Man(K)? has to be replaced by

!

2n+4/n
Myn My _ My, My,
= 5 ,
M&:‘l/n MZ,n MZ,n

where the beginning of the estimate (1.1) refers to the associated normed isotropic
convex body.
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We are going to consider the class T satisfying the inequalities
n nt2/n
(n+1)(n+2)(n+ 1)V’

)
Min(K) _ (n+1)(n+2) 2 6
MoK = (n 1 3)(n14) (1 at —) ‘

(12) MQ,'R(K) S

(1.3) e

It will turn out that in both of these inequalities, one has equality for the n-
dimensional normed regular simplex A,,.

Let us note immediately that (1.2) implies (i) of Proposition 1.1, by Stirling’s
formula:

n12/n _ (%)2 (2mn)l/™ 1

< ~ 0
N I | RV Y SO S IR Y VY i) SR

1
L%( = ;MZn(K)

Further, estimate (1.3) together with (1.1) implies that assumption (ii) of
Proposition 1.1 is satisfied.
More precisely, we define

neN
with
(1.5) To :={K € K,; K satisfies (1.2), (1.3)} (n €N),

and we show that T contains certain types of sets and is saturated with respect
to certain operations.

To begin with we mention that 7 contains all (normed) Euclidean balls. In
fact, for a ball of radius 1, one has (with the volume

/2
™= Tn/2+1)
of the unit ball in R® and the (n — 1)-dimensional volume

27n/2
On—1 = NTpn = 57757

I'(n/2)
of Sn-—l)

T n+2
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Thus,
M4,nM0,n _ (n + 2)2
M:,  (n+4)n

satisfies (1.3) {by a simple comparison). Moreover, {1.2) holds as soon as one
knows that the right hand side of (1.2) is M3 , for the simplex (see below), since
clearly M, ,, is smallest for the ball in X,.
Note also that for n = 1, i.e., K = [—1, 1], one has equality in (1.2) and (1.3).
We summarize the results of the subsequent sections as well as the preceding
discussion in the following statement.

1.3 THEOREM: Theset T defined in (1.4), (1.5) is saturated with respect to form-
ing cones, cartesian products and joins, and T contains the normed Euclidean
balls, cubes, cross polytopes and regular simplices.

The set T satisfies the hypotheses of Proposition 1.1, and therefore T has the
‘central limit property’ formulated in Remark 1.2 (c).

1.2 Remark: In [2] — this preprint came to the author’s knowledge only after
submitting the present paper — a central limit property is proved for a subset
of J,enKn- The key point of this paper is a ‘concentration hypothesis’ corre-
sponding to our property (ii) in Proposition 1.1. Using (1.3) together with (1.1)

it is elementary to show
4
nr

forallr > 0,n € N, K € TNK,. This inequality — with the constant 35
instead of 4 — is proved in [2; Theorem 5] for [7 balls. Inequality (1.6) implies
the ‘concentration hypothesis’ and therefore the central limit property of [2]. The
main differences to the statement in Remark 1.2 (c) are: 1. The treatment in (2]
is restricted to symmetric bodies. 2. The closeness of the marginal densities to
the Gaussian density is expressed in terms of the distribution of the measures.
3. The results of [2] are quantitative, including asymptotic estimates.

ol?
Lk

(1.6) An ({m € K;

2. Cones over isotropic convex bodies; the regular simplex

Let K C R™! be convex, isotropic. We denote by K}, the cone over K with
height h whose center of gravity is at 0. This means that its basis is the set

1
Rn; yereydbn— Ka n:_—h )
{:I:e (z1 Tn-1) €K,z ) }
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and its apex is the point (0, ...,0, ;"—lh) The weight function determining the
size of K, at z, =t is then

1 n n t
——|t- hi= - .
h( n+1> n+1l h

(2.1) Mon(Kp) = %MO,H_I(K).

One obtains

In order to obtain M, ,(Kj) we calculate

1
n+2
/zﬁdmz = (nzl) h3 / §2(1 = 8)"1dsMp 5,1 (K)
1/n

Kn -1/
1
[ / s2(1—s)kds = - -
1/n

= (n: 1)k+l <(k+ 1)(k-?—2)(kn+ 3 n(k+22)(k+3) + n2(k1+ 3)) ;
:1) n2(n1+ 2)]

2 n+1)"
:( n ) h3mM0‘n_l(K)

fork=n—-1:=...=

and

h
(2.2) /K (@ +...22_de=--= n—+2M2’"_1(K)'
h

For isotropy of K; one needs to have

1
/ (24 22 ))dz = / zidz,
n—1 Kn K

which amounts to

n+1)2 Mz n1(X)

|
(2.3) B = Mo n1(K)'

From (2.2) one obtains, assuming My ,—1(K) =1,

(2.4) Man(Kp) = @+ +22_)de = mhm,n_l(m.

n—1 K
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For the resulting normed convex body K, we therefore obtain, taking into account
(2.3),

M2,n (Kh)
Moo (Kp) 2/
p2(n+1)/n

T (n+2)(n— ) (n + 1)%/m

M2,n(f{h) =

M2,n—1(K)(n_1)/n-

Assuming (1.2) for K (with n — 1) we thus obtain (1.2) for K} (short compu-
tation). Moreover, if (1.2) is satisfied with equality for K = A,_; then (1.2) is
satisfied with equality for A, = Kp; hence induction shows equality in (1.2) for
the n-dimensional regular simplex.

In order to show the persistence of (1.3) we calculate

nh/(n+1)
My . (Kp) = / [z[*dz = / / (|y|2+t2)2dydt
~h/(n+1) (n/(n+1)—t/h)K

/ / lyldydt + 2 / / I[P dydt + / / Hdydt

— T4+ 4111
nh/(n+1)
- n N M (B) = = My ()
= mar S 4n—1 == o Man(K),
—h/(n+1)
nh/(n-{—l)2 n : ntl
m=2 t A R Y
n+1 h) Man1(K)
—h/lnt1)

n n+4 1
=2 (n " 1) h® / s2(1 - 8)"ds My 1 (K)
1/n

[for the integral apply the formula derived above, with k =n + 1;

1
2 lge — ... — _(n+)"*2(n’+n+6
J 20— ariide= = R

n
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2

=92 n”+n+6
(n+1)2(n+2)(n+3)(n+4)

h® My 51 (K),

nh/(n+1) . el
Il = 4 nil _ E) dt Mo n—1(K)
—h/{n+1}
n n+4 1
= (n " 1) I / s*(1—8)" " ds My 1 (K)
—1/n

[ zn s*(1—s)fds =

_(n+1\* 1 4 6 4 1

“( n ) (k+1_k+2+k+3_k+4+k+5
41 3 3 1
_E<k+2_k+3+k+4_k+5>
6 ( 1 2 1
+@<k+3_k+4+k+5>
41 1
s (1 755)

n 1 1
ntk+5

_(n+1)* 4! 4-3!
”( n ) ((k+1)---(k+5)_n(k+2)---(k+5)

6-2! 4 1
kT3 (ki) ki A)k5) +n4(k+5))’
(n+1)" 3n2—n+2
fork=n—-1 =...= .3.
ore=n nntd (n+2)(n+3)(n+4)
3(3n? -n+2) 5
= h° My n-1(K).
n+1)in+2)n+3)n+4 1(K)
Taking into account (2.3) one obtains (abbreviating M;,_1 = M;,_1(K),
Mj,n = Mj,n(Kh))
h n*+n+6 M3,
M, M n—1+2h !
=g e A T w2+ )0+ 4) Moy
—n+2 M2, _
+3h 3n? -n+ 2,n—1

(n—1)2(n+2)(n+3)(n+4) Myn-1

h m—-1 M2,
=— Myn_1+h nol
ntd ALt N T T 4) Mo
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and, using (2.1) and (2.4),

M4,nM()’n . (n — 1)2(7l + 2)2 M4,n__1M0,n_1 (Tl + 2)2(2n — 1)

2.5 =
R 7 O R T S +4)

Now, assuming (1.3) for K (with n — 1), a straightforward computation shows
(1.3) for K}, with equality if equality holds for K. The latter shows that (1.3)
holds with equality for the simplex A,. In fact, formula (2.5) is the source for
the expression on the right hand side of (1.3). (Thanks to H. Vogt!)

Summarizing the previous discussion we have shown that 7 contains all the
normed regular simplices A,, with equalities in (1.2) and (1.3), and that T is
invariant under formation of cones K h With a basis K € 7.

3. Cartesian products

Let K; € Ky, for j = 1,2, n:=n; + n2. Then

K= (,\1/"11{1) x (A"l/"zKl) € K

for
LMy (K)\ T
(3.1) A= n—2 :
ar Man, (K1)
and
1 1 /1 =
. - = =My (K =~ Mo,
83 Eanl) = (M) (M)

Assuming (1.2) for K, Ko, the desire to show (1.2) for K amounts to showing

(nalng)?/™
(ny + 1)("1+1)/n(n1 + 2)"1/"(n2 + 1)("2+1)/"(n2 + 2)n2/n
nt?/m
S Rr ) nt )
or
(3.3) (m!n!) n

< - .
(n1 + )™+ (ng + 2)™ (ng + 1)"2+l(ng +2)"2 ~ (n+ 1)+ (n +2)"

This is true for n; = 0, ny = n, with equality. Let 0 < n; < ng. It is suffi-
cient to show that the left hand side of (3.3) decreases if (n1,n2) is replaced by
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(ny +1,m2 — 1), i.e

(n1!n2!)2
(nq + )™+ (ny + 2)™ (ng + 1)"2+ (ng + 2)™
(nq +1)1%(ny — 1)12
= (ny 4 2)m 2 (ng + 3)Mting? (ng + 1)nat

or
;lz+2 (nl + 1)n1+3

(na + 1)2%(ng + 2)" ~ (ng +2)%(ny + 3)m
This means that the assertion is reduced to showing that

nn+2
(n+1)2(n 1 2)"

is increasing for n > 1. This is calculated directly for n = 1,2, and it is now

sufficient to show that
zx+2

0" Er ey

is increasing for £ > 2. Now

2 2 2 2
_1 z z
(nf(:c)) (1+ )+3: m:-%-l+ +2
2_1 L1(2 3 1/2 4+
T 3 T 4 \z
c2o 2, 2
:c z+1 w+2

The sum of the first three terms of the series of the logarithm and the terms

outside the series is
2(z — 2)(5z +4)

33(z + 1)z +2) ~

for z > 2. Also, the remaining part of the series is > 0 (alternating signs, and

decreasing absolute values).
In order to discuss (1.3) we calculate

Myn(K) = / (]2 + 2% do

/ otz + 2 / o' |? |x"|2dw+ / " [Ade

=) (n1+4)/my M4 (Kl)
+ 2)\(711 +2)/m1 M2,n1 (Kl))\ (n2+2)/n2 M2,n2 (K2)
+ )\)\‘("2+4)/"2M4,n2(K2)
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(inserting (3.1), and using an obvious simplified notation)

27 272
1 n 1 n
= (——M2,m) (—M2,n2>
ny N9

-2 -2
1 1
X ((——Mg,m) M4,n‘ +2n1ng + (—-—Mg,nQ) M4,n2) .
3 g

Using (3.2) we finally obtain

My, 1 [ 3 Myn, 2 My,
— = — 3 2ning +n ; .
M2, n2(nUM2 Fémmtman

2,m3

Assuming (1.3) for Ky, Ky, the desire to show (1.3) for K then means showing
the inequality

(3.4) g(n1) + 2n1n2 + g(ng) < g{n)
with k+D)(k+2) (. 2 6
gw):kﬂk+$m+4)(l E+EIT>
5k% + 11k
:kW+M—4<ﬁ;3WFIB>

= k? + 4k — 4h(k).
Taking into account n? + 2nyny +n3 = n?, 4n; + 4ny = 4n, (3.4) is transformed
to

(3.5) h(n1) + h(ng) > h(n).

For n; = 0, ny = n one has equality in (3.5). It is now sufficient to show: If 0 <
ny < ng and one replaces (11, no) in the left hand side of (3.5) by (n1+1,n2—1),
then this expression increases, i.e.,

h(n1) + h(n2) < h(ny + 1) + h(ng — 1),
or
h(’nz) — h(n2 — 1) < h(n1 + 1) - h(nl),

which means that k — h(k+ 1) — h(k) is decreasing for k > 0. The latter follows

f
rom k42

(k+3)(k+4)(k+5)
Summarizing we have shown that 7 is invariant under formation of isotropic

Mk +1)— h(k) =24

cartesian products of sets in 7. In particular, 7 contains all cubes [-%,1]".
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4. The join
Let K; € Ky, for j = 1,2, n:= n; + na. We form the join K; x Kz C R,
Ky x Ky :={(tz',(1 - t)z"); 2’ € K1, 2" € K3, 0 <t < 1}.
Then )
)‘n(Kl * KQ) = / (1 d t)nQ)\nz(Kg)nltnl_I)\nl (Kl)dt
0
(Idea: The differential volume nit™ ~!\, (K;)dt of the one-parameter family
t — tK; is multiplied by the volume of (1 — t)K5.)
1
= n1/ tnl_l(l - t)nzdt = nlB(nl,ng + 1)
0

—n I‘(nl)F(ng + 1) . nq'ng!
N 1F(TL1+TL2+1)_ n!

Next we calculate the second moments of K; * Kj:

1
/ \z”\QdiL‘:nI/ tm_l)\nl(KI)/ ‘:L‘”|2d$2dt
Ki*xK; 0 (1-t)K>

nll(ng + 2)'
= — "M
(nt2)
2)!ny!
/ |$'|2da,‘ = ———-——(nl * ) TIL? M2,n1'
K%K (n+2)t
Isotropy requires
1 1
— |z |2dz = — |z’|2dz,
n2 C![kalngg nl Q1K1*02K2
ny  na+2 71" (n2 + 2) - i n142 _na (nl + 2)""‘2'
Ny np 1 %2 m+2)l TP gt %2 (n+2) o
(4.1) o2n1(ng + 1)(ng + 2) My n, = afng(ng +1)(n + 2)Ma p, .

Norming a3 Ky * az Ks to volume 1 yields
n!
T2
(4.2) ajlay? = g

From (4.1) and (4.2) one obtains

(4.3)

Lol (Zgn2+1)(n2+2M2n2) |
(
o2 (

)

1 Lngtng! ny + 1)(n1 +2)Ma p,
)
)

n n! (’I’Lz n + 1)(’!11 +2 M2 nl)

2 nying! \na(ng + 1)(n2 + 2) Mz,
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Thus, for a1, as > 0 such that a1 K7 * a3 K3 € K,, one obtains

n mat2 1! (n2 +2)!
M; (01 Ky * a2 K5) :Ea?lazzw_l_(}(ﬁ

_ n ( n! ')%((n1+1)(n1+2)M2m>%‘

(n+1)(n+2) \ nqlny! ny

Ny ’

M,

In order to transfer (1.2} from K, K3 to a1 K; * a2 Ky one therefore has to show

2 2 o 2 2
n ( n! )“ npl™ nglhz
(n+1)(n+2) \nalny! (ny + 1)1 (ng + 1)

B n ni2/n
T+ D(n+2) ((ng + 1)(ng + 1))1/">

n nt2/n
(n+1)(n+2)(n+ 1)V

3

N

IN

This, however, is immediate from the inequality
(ni+Dne+)=nna+n1+na+1>n+1

In order to treat (1.3) we first calculate

1
/ |z”|*dz = a;"MO,ma;’”“M‘;mZm/ tM (1 — )24t
ayKixaz Ky 0

i naaatit(ng +4)!
= a11022+4_———(n+4)! 4,n2)
(1 + 2)!(ng + 2)!
(n+ 4)! ’

121,12 _ ni+2 na+2
2/ |'|*|2" |°dz = 207 T My n, a2 “ M3 0,
alKl*agKg
/ |z’'|*dz  symmetrically.
C!1K1*(12K2

A short computation, using (4.2) and (4.3), yields

My, 1 (n+1)(n+2)

MZ, n2(n+3)(n+4)
n%(nl + 3)(’!11 + 4) M4,n1
(n1 + 1)(”1 + 2) M22

371

2 4
+ongng + nz(nz + 3)(712 + ) M4yn2> .

ng + 1)(n2 +2) M2

2,n2
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Assuming (1.3) for K1, K2 one obtains

My, 1
=n2

(n+1)(n+2)
M3, ~n?(

n+3)(n+4)

2 6 2 6
x{n?(14+= 2 214+ —
(n1 +n1+n1+1 +2n1ng + nj +n2+n2+1

_(n+1)(n+2) <1+g+ 6( n} 4 nj ))

(n+3)(n+4) n on2\ni+1 ng+1

So, in order to conclude (1.3) for a3 K * ag Ky it remains to see

n? n3 n?

+ < )
nm+1l ne+1"n+1

which, because of

is equivalent to

2
( mimAl o) < +1(=n+ )
(n1+1)(ng +1) n+1l no+1 " n+1 n+1
This inequality holds because of (n; +1)(ng +1) > n+ 1.
Summarizing we have shown that 7 is invariant under formation of isotropic

normed joins of sets in 7. In particular, 7 contains all normed cross polytopes
X,

5. Concluding remarks

Starting fromn =1, C := —%, %] and taking successively cartesian products one
obtains the cubes C™ := [—1, 2]". One easily calculates
n n  nn—1) My,(C") 9 4
My ,(CM)=—, M ") = : C") =1+—.
200 = 330 ManlC") = g5+ =g M 2.0 T

We note that for cubes the desired property (ii) of Proposition 1.1 is a conse-
quence of the weak law of large numbers (hint given to the author by H. Vogt),
and the corresponding proof for this case was the origin of our estimate (1.1).

Starting from n = 1, X; := [-1,1] and forming successively isotropic normed
joins one obtains the normed cross polytopes X,,. One calculates

. n n Myn(X,) (n+ 1){(n+2) 5
MonlXo) = 50 N M - A DT D (1 * ) ‘

n
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Denoting by B, the n-dimensional Euclidean ball of volume 1 we therefore have
the inequalities

M2,n(-Bn) S M2,n(Xn) S M2,n(Cm) S M2,n(An)

For My /M3, the chain of inequalities is

M4n M4n M4n M4n
—(B,) < —(C™) < ——(X,) < —(A,).
wz, ) = g, (1) = g ) = 5 (4)
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